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1 The Riddle

Recently, Sebastiaan Van Mulken, a student in my class on Monte Carlo Simulations and FX Deriva-

tives Markets at the University of Antwerp approached me with the following question:

Why do the prices of a call option go down if we increase the probability of up—jumps?

First | asked him, whether he is sure he used a call option, rather than a put option instead and he
responded with the graph in Figure 1, which shows that both the call and the put prices go down as
the probability of an up-jump increases. Normally we would have expected that put prices decrease

and call prices increase.

QOption prices given different up-jump probabilities
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Figure 1: Prices of call and put options in the Kou model as a function of the probability of up-jumps

| started studying stochastic processes 30 years ago and am surprised, but also a bit happy | can still
be surprised. In order to solve the riddle, let’s recap the model first.
1.1 Kou’s Double-Exponential Jump Diffusion Model

Following Kou [1] the double-exponential jump-diffusion process as a model for the spot price like an

exchange rate of a currency pair FOR/DOM with foreign and domestic interest rates r4 and 7y is
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given by

N
gé(—t)) = (rg—rp)dt+odW(t)+d Z(V’ -, W
i—1

where N (t) is a Poisson process with rate A,
V; i.i.d. non-negative random variables such that Y = InV; has an asymmetric double-exponential
distribution with density

pmeYm if y >0,
fry) =14 " . 2)
(1 —p)mee¥™ if y <0,

where 771 > 1, 72 > 0 and 0 < p < 1, represents the probabilities of an upward jump.

W (t), N(t) and Y are all independent.
The solution to the SDE is

N(t)

S(t) = S(0)exp {(rd ol %cf?)t + ch(t)} H Vi
i=1
3)
To make the spot price a martingale we need to compute and add the drift adjustment
VEE [eY — 1] (4)

and can then implement a Monte Carlo simulation to compute the value of put and call options.

1.2 Call Option Price Formula

As a benchmark, on can compare simulation result with a transform-based value using the Lewis
Method [2]. The call value version (3.11) of Lewis [2] is given by

e 1 . SN 14
(5)
A (2 T

= n(K>+(rd—rf), (6)

or(z) = E[e¥7]

1 +oo

B eXp{iZWT‘QZQUZTHT / (e“y—nfy(y)dy} (7)
S(T) 2 S(0)exp{(ra— )T + Xr}, ®)

¢r(—i) = 1 martingale condition 9)




Uwe Wystup 4 Jump Diffusion Riddle

1.3 Properties of the Jump Factor

The parameter w can be determined from the martingale condition and is (obviously) closely related
to the drift-adjustment.
The expected value of the jump factor is given by

12 m
E(V)=E(Y) = ) 1
(V) (') qmﬂ +pm—1 (10)

Furthermore, the expected value and variance of Y are given by

2 The Solution

The riddles can be solved by computing the variance of the spot price, as call and put option prices

are monotone functions of this variance. This requires the characteristic function.

2.1 The Characteristic Function and the Second Moment

Let's have a look at the Kou model’s probability distribution of the spot. The idea is that from the
characteristic function ¢(t), we get the second moment E[X?] = —¢”(0), and from that we can
calculate the variance as a function of the probability of an up-jump p, which | would expect to be
decreasing. This will shed some light on the the riddle.

First of all, we observe that the expected value of Y goes up as the probability of an up-jump p goes
up, while the expected value of V' = expY goes down with an increasing probability p. We can

simulate the spot prices using

1 1
St = Sp exp ((,u - 502)T +oBi+ B - Y) = Spexp ((,u - 502)T + UBt) cexp(B-Y). (11)

- jump factor
Brownian

Using the adjusted drift obtained from the martingale property ¢;(—i) = 1 where ¢(z) is the charac-

teristic function corresponding to the double-exponential probability density, we obatin

1 A A
_Zo2_ D AQR ey (12)
2 m — 1 n2 + 1

w =

The simulation step can hence be written as

Sit1 = Spexp ((ra —rf +w)ds +0By) -exp(B-Y). (13)

Brownian with adjusted drift jump factor
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2.2 Characteristic Function Calculations

Recall that if f(x) is a probability density function, one defines the characteristic function as
oe)x =B = [ fetis
Since f(x) is a probability density function:

o
00) = [ fa)da =1
oo
If the random variable X has moments up to k-th order, then the characteristic function is k times
continuously differentiable on the real axis and
E[XE] =i %{)(0).
For the second moment one gets

E[X?] = —¢x(0). (14)

Given

: 1 pm qn2
= T — -2°0°T + AT —1 15
di(z) = exp {zzw 540 + <"71 — + o+ iz (15)

one gets the first derivative

ry O (o ipm g
(2) = 5 = wT — zo®T + \T m—i2?  (p+is)?

1
exp {isz — 2220 T+ \T ( pm‘ + an, — 1> }
2 nm —i2 M2tz

- <z’wT — 20T + AT ( (m”i ”;Z)Q - (n;fr”jz)2>> ¢e(2), (16)

leading to the first moment, i.e., the mean

#h(0) = i (wT FAT <51 - é)) $:(0) = E[X] = i¢)(0) = —wT — AT <;’1 - é) .

Here we used that ¢.(0) = ffooo fxdx = 1. The second derivative is given by

V(2) = 9 <in — 20°T + )\T( P 5 - iqn2 )2>> o1 (2)

9z (m —iz)* (2 +iz
= WT(2) — 0*Tou(2) — 20°Te)(2) + XT (mf—p%s ) (n2251rnz'22)3> o)
1PN 1qne /
0 (s = ) e "

Using E[X?] = i 2¢x (0) = —¢'(0) we further obtain
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E[X? = - <wT¢¢;(o) — 02T ¢y(0) — 2AT <7§} + %) 61(0) + AT <51 - é) i¢;(o)>

= —wT <—wT —\T <p - q)) +0?T + 20T (pg + q2)
o2 US>
o) (s (3 1)
nmo N2 nmo N2

2
= W 4 20T (p - q) +0°T + 2AT (”2 + %) + AT (p - q> . (19)
mo 72 U mo 2

We can thus compute the variance via Var[X] = E[X?] — E[X]? and obtain

2
VarlX] = W*T° 42\l (p L) 1 o’T T (pg + qz) + APT? (p - q)
m o2 noon; m o2
2
- <wT AT (p - q)
m 2
2
= T+ 2207 (p— 4 +02T+2)\T(p2 +q2> + AT (p q)
o2 1 M moon2
2
2T —or? (2 - q) _ 272 (p _ q)
mon2 m 2
— 2T 42T <p2 n ‘12) , 20)
nmooon

| have plotted the variance versus on the p-space in Figure 2, which shows that variance does indeed
decrease with rising up-jump probability p. Since both, call and put prices are monotone functions of
the volatility and hence the variance, we now understand that both call and put prices decrease with

rising up-jump probability p.
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Variance of X against the probabiity of an up-jump
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Figure 2: Variance in the Kou model as a function of the probability of up-jumps when 1y > 19

3 Conclusion

This jump-diffusion riddle is puzzling, but can be solved, and the good news is that in the course of
preparing the solution, one can revisit many of the concepts of stochastic processes and probability
theory, the calculations of transforms, the connection between transforms and moments, and generally
have a real intellectual fun ride. However, note, the result is not as simple as it first appears, as
everything of course depends on everything, so even business model of consulting (“it depends”) can
be applied.

The variance actually depends on the choice of 71 and 7, i.e., the sizes of the jumps. We have three

cases (and remember, the size of the jumps is proportional to 1/7):

1. m1 = nmo: the jump up and down intensities are equal. In this case the variance will remain

constant as p changes.

2. m > n2: the up jump is smaller than the down jump. In this case, the variance will decline as
p increases as shown in Figure 2.

3. m1 < mg2: the up jump has a higher intensity than the down jump. Here we see indeed what we
expected, see Figure 3.
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Option prices calculated for different jump probabilities
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Figure 3: Prices of Call and Put options in the Kou model as a function of the probability of up-jumps,
when 1 < 12

So the interesting case is when the jump down intensities are higher than the up ones, since even if you
only have up jumps (p — 1), the price of the call option still declines. To conclude I illustrate some

scenarios of call and put prices on the p-space for various choices of model parameters in Figure 4.
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Expected value of ¥, V=" and the adjusted drift w
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Figure 4: Call and put option prices in the Kou model as a function of the probability of up-jumps
for several parameter scenarios

| am sure you get your hands on the transforms at your earliest opportunity to find more riddles and
more solutions. | thank Sebastiaan Van Mulken for bringing this to my attention and helping me

prepare this column.
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